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Vibrations of thick plate resting on a deformable foundation under impulse load

Abstract: The paper deals with vibrations of thick plate resting on generalized Winkler’s
foundation. The plate is subjected to the impulse of force. Governing equations of the
problem, analytical solution as well as numerical example are presented. Results of
calculations are shownin the figures. Solution and diagrams are obtained by means of
“Mathematica” code.

Keywords: Thick plate; Impulse of force; Generalized Winkler’s foundation

The subject of considerations at work is the analysis of a rectangular elastic plate with an
average thickness loaded with a Dirac force impulse. The plate rests on a generalized, two-
parameter and three-dimensional elastic basis of the Winkler type taking into account the
horizontal components of its reaction. The theory accepted for consideration is a variant of the
known theory of Ambarcumian [1], where the deflection w and two stress functions are

introduced y, and y, [11]. In the general case, together with the disc effect, we deal with
five movement equations defining three displacements u ,v, and w and two stress functions
X, and y . By omitting the effect of vibrations in the middle plane of the plate, the so
complicated system of five tenth order equations was limited to one fourth order equation
describing deflection w= w(x, wt ) , and to the system of two conjugated equations describing

the stresses y, and y, . The load of the plate is a § Dirac force impulse applied at any point

on the upper surface. The board meets the boundary conditions of the articulated support on
the perimeter, which also depend on the vertical and horizontal components of the substrate

reaction described by the factors k., andk, . The dynamic deflections of the plate have been

determined analytically in the form of a double series. The results of the solutions are
illustrated by graphs using the "MATHEMATICA" code.

Plate motion equations
Motion equations of a medium thickness plate can be derived in many ways, locally for
example from kinetic equations or globally from the integral Hamilton principle.

Assuming the Winkler elastic foundation model described with two factors k_and £,
depending on the mechanical properties and the thickness of the substrate layer [6]

pz:kzw’ pl:klui’ i:x,y,(l)
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horizontal and vertical forces on the lower plane are defined by expressions:

0
X A 3
| :k,h ox et k h X  Z=p—kw, (2)
Y| 40| 24(1-v)|2x,
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where w is the deflection of the central surface of the plate, and y, and y, they are some

functions related to tangential stresses 7. andz,, . Figure 1 shows a two-parameter, three-

directional substrate and a kinematic hypothesis referring to plate displacements. More details
on assumptions regarding medium thickness boards are given in [11]. Functions y, and g,

are related to angles B, i f,, as in figure 1.
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1. Medium-thickness plate on generic Winkler's three-way ground

As can be easily seen in figure 1, reactions of the generalized Winkler's substrate are both
vertical and horizontal, so that friction between the bottom of the plate and elastic deformable
substrate can be taken into account. Differential equations of motion, derived, among others
in works [11], describing the dynamic deflection of a rectangular springboard, we write in the
following way:
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where u=——->——— is a dimensionless coefficient describing the influence of unknown
24D(1-v)
functions y, and y, 6 for vertical forces occurring on the lower surface of the plate,
ER
D =m is the flexural rigidity of the plate, it is the deflection of the plate, o is the
-V

density of the material, 4 is the thickness of the plate, and p is the normal load to the
horizontal center plane of the plate. It should be noted that the substrate coefficient £, , in the
plate motion equation, is included in the coefficient x££, which is very small compared to one
and can therefore be omitted, which is fully technically justified. If we accept then x =0, this

basic equation of motion of the plate (3) is simplified and together with the equation
describing torsional vibration is as follows:
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Assuming that p=0, k£, =0 and k, =0 equations (4) determine the own vibrations of the

plate without considering the substrate. Assuming harmonic, non-suppressed motion,
functions w and ¥ we will write the following patterns:
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w=w(x,y,t)= iiAw (¢t)sing,xsin B,y cosw, 1, a, = mnr. B, =%,
m=1 n=1 a
W(x,y,t):iil?mn(t) cosa xcosBycosm, t, A==, ﬁzﬁ,
m=1l n=1 ' ' b a (5)
Ven=h(ar+a))=m’ B (m*+ X n’), y), =ra+yl. va=Pa,., 7i=Fa],

D C,  YmaC
" =7z{m—+%j Z .z (m2+12n2) p Ty mmn=1335,..

oh  a NN TN

In equations (5) @" means the circular frequency of a rectangular plate determined
q o q Yy g p

according to the classic theory of Kirchhoff, whereas ¢, and ¢, mean respectively the
longitudinal and transverse speed of the wave in the plate [6]:

ciz%, cfzg, cpzcs,/i.(@
p(l—v) P I-v

By substituting the formulas (5) in the equation (4), we get three natural frequencies of the
medium thickness plate stored in the following way:

e —" l{P (P2, -0 );} 2 o2, =—2[6(1-v)(10+7; )]; (7)
m,n h\/ﬁ 2 mmn m,n m,n b m,n h\/ﬁ m,n H

1

where: P,, =60(1-v)+(17-5v) 7., . O, =47.,[15(1-v) .

In the case of a two-parameter substrate, the formulas (7) are complicated and are as follows:
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In the case of deflection and load, we seck the solution in the form of double series of own
functions:

o 0

(x, 1.1 Zqu (0)sinag,xsin By, p(x,y.t)= Zme,n (¢) sine,,x sin B, y. (9)

m=1 n=1 m=l n=1

We write the load with force impulse in the following way, and divide the Dirac delta into a
double series:

p=p(x,0,1)=86(x=x,)6(y—y,)6(t—1,),

S(x—x,)6(y—y,)6(t—1,) :ib S(t—1,)> > sin @, x sin B,y sin a,x, sin B,y,,
a

m=1 n=1
(10)
S (t)= 4 i 5(t—t,)sina,x, sin B,y, sine,x sinf,y,
a
Vip(x, .t ———ZZ(a + ., ) . (t) sing, x,sin B,y sine, xsin S, y,
2
% =4—i >3 . (t)sine,x, sin B,y sina, xsin B, y.
a n m

Ultimately, we will get a fourth order equation for the unknown function g, , =q,,, (t) To

simplify further entries, we will omit the 11 indicators in the formulas m and n, writing for
example g = q(l) :

(11)
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y”=<74+uz{1+{m2(;—fv)}+§(l+ﬁﬁj}f>, 0=47"[15(1-v)].

The heterogeneous 4th order equation (11) was solved by computer with four zero initial
conditions.

Calculation example

Equation (11) was solved analytically using the Wolfram "MATHEMATICA 10" package,
also a series (9) programmed in this code.

In the example, the following geometric and physical figures of the board were adopted:

a=b=4m, h=0,45m, E=34GPa, p=2400kg/m3 , v=0,17. The task was analyzed at
different values of the elasticity coefficients of the substrate &, and k. The calculations were
carried out in two cases of applying a pulse to the upper surface of the board: in its middle,
ie. at x,=1a, y, =+b and near the corner of the plate at x, =3a, y,=2b.

Because the solution depends on a double series, which is slowly convergent, the
calculation should take into account as many words as possible. The results of the calculations

are illustrated by example drawings. Figures 2 and 4 show the deformation of the middle
surface of medium-thickness slabs and their corresponding contour plans at the moment

t=+T, where T, is the first, lowest period of natural vibration of the plate. Figure 3 shows
the vibration diagram of medium-thickness medium on a three-directional substrate (
k. =k =150MN/m’ )when load with impulse S in the point with coordinates X,=3a,

¥, =+b. The chart has been drawn for the time interval ¢ € <0; 10Tl> .

In addition, for comparison purposes, Figure 5 shows the charts of the Kirchhoff thin
plate without taking into account the substrate, loaded with a single impulse near the corner of
the plate [2]. Plate deflections on all charts are given in the dimensionless form and are a
Green function. Due to the extensive scaling factor, we do not quote it here. A much simpler
form has an analogous coefficient in the case of a thin plate on the basis of Wiasowa, obtained
by the authors in the works [2]:

br*\D(in +my)
4Sa

ER ) Jr—  —
(m+my)mab

b

H(t—1,)x (12)

m=l n @,

n

e 1 . . . . .
X 22[_ sima, x, Smmo,y,sSmea, xsmea, y Sia,, nt .
=1 m,
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2. Distortion of the middle surface of medium-thickness boards on S impulse impact near the

corner of the plate (x, =3a, y, =2b) at k, =k, =150MN/m*, moment 7 =17, and the
corresponding layout of the contours on the board

3. Medium plate vibration medium at S impact near the corner of the plate (x, =2a, y, =2b
) at k. =k, =150MN/m’ in time ¢ €(0;107;)

4

4. Distortion of the middle surface of medium-thickness boards on § impulse impact in the
middle of the plate at k£, =150 MN/ m’ i k, =0, moment =17, and the corresponding
contour layout
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5. Distorted Kirchhoff plate, articulated on the perimeter, without substrate interaction, loaded
with a single pulse at point x, =2a, y, =25 and the corresponding contour layout [2].

Summary

The subject of discussion in this paper is a rectangular, elastic medium-thickness plate resting
on Winkler's generalized three-directional spring substrate taking into account the horizontal
components of its reaction. The delta pulse function The Dirac function operates at any point
on the upper surface of the board. The dynamic deflections of the plate have been determined
analytically in the form of a double series. Because this series is slowly convergent, the
calculation should take into account as many words as possible. The dynamic deflections of
the slab were analyzed. Using the deflection formula, you can also determine the internal
forces and stresses in the plate. The load schema analyzed determines the so-called Green's
function, used in other, more complex cases of real strokes on plates. The results of the study
can be used to verify the impact model with the penalties in the MES. They can also be used
by road builders who perform pavement strength tests with the FWD apparatus [4].
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