
Transportation Overview - Przegląd Komunikacyjny 09/2017 

 

55 

 

Wacław Szcześniak 

prof. dr inż. 

Wydział Budownictwa i Architektury 

Politechnika Lubelska 

w.szczesniak@il.pw.edu.pl 

 

Magdalena Ataman 

dr inż. 

Wydział Inżynierii Lądowej 

Politechnika Warszawska 

m.ataman@il.pw.edu.pl 

DOI: 10.35117/A_ENG_17_09_07 

 

Moving oscillator on the floating bridge 

 

Abstract: The paper deals with vibration analysis of three span floating bridge under moving 

oscillator. Velocity of the oscillator is constant. Forced and free vibrations of pontoon bridge are 

discussed. Three equations of motion of the system for each span are solved numerically. Solution 

of damped vibrations and solution for undamped vibrations are presented. Some results are shown 

in the Figures 3-9.  
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Introduction and formulation of the problem 

Issues related to the statics and dynamics of floating bridges are not new in the rich literature of the 

subject [1]]. Floating bridges are included in makeshift structures, built for specific purposes for 

special tasks and have a limited lifetime. The speed of vehicles moving on such facilities is generally 

limited to a maximum of a dozen or so km / h. 

 In this study, the vibrations of such constructions forced by a moving mono magnetic 

viscoelastic oscillator moving at a constant speed will be analyzed. The three-span bridge is modeled 

by a system with two degrees of laxity, the oscillator has an additional degree of laxity. 

Mathematically, the task is a system of three coupled, differential equations of motion, due to the 

time variable, describing the vibrations of two pontoons that are movable props of the bridge and 

oscillating motion of the oscillator. 

 

The issue of floating bridge 

The three-span floating bridge modeled in a simplified way consists of three rigid plates, each with a 

total weight m and lengthl . The mass of each of the two floatings, together with the coiling water, 

is equalM  and the horizontal cross-section of the F   is equal. In the static equilibrium position, the 

bridge plates are horizontal as in Figure 1. The density of water is denoted by . 
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1. Dynamic scheme of the task 

 

The task has two degrees of laxity, according to Figure 1, as the generalized Lagrangian 

coordinates, we assume two vertical displacements of pontoons A and B , respectively 1q  and 2q . 

First of all, we will determine the circular frequencies of the bridge's own vibrations and determine 

the forms of its own vibrations. The equations of the motion of the analyzed bridge can be derived 

e.g. using the Lagrange second order equations [11]. Assuming that the water resistance forces are 

proportional to the generalized coordinates 1q  and 2q : 

 

1 1 2 2,W  = Fρgq W  = Fρgq ,           (1) 

 

we get the following equations 

 

 

 

1 2 1

1 2 2

1 1
4 6 0,

6 6

1 1
4 6 0.

6 6

  m +  M  q +  m q + F g q  = 

m q +   m +  M  q + F g q  =





&& &&

&& &&

                             (2) 

 

Two circular frequencies, own values and own vectors (forms of vibrations - mods) can be found 

using the MATHEMATICA "EigenSystem" instruction, from where we get: 
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Figure 2 shows two forms of the bridge's own vibrations and the corresponding circular frequencies. 

 

 
2. The forms of the bridge's own vibrations 

 

Bridge undamped vibrations under a moving oscillator 
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In this chapter we will determine the undamped vibrations of the bridge forced by the passage of a 

moving, visco-elastic one-mass oscillator. We will also discuss free vibrations after the oscillator's 

exit from the pontoon bridge. The speed of the mobile oscillator is constant and is equal. We are 

dealing with a material system with three degrees of laxityw , q1
 and q2

 (Figure 1). 

 

Dynamic pressure of the oscillator  N t  on the span plate we define from the motion equation of 

the oscillator: 

 

 
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If by w~  we will mark the deflection of the bridge carriageway directly at the point of contact 

between the oscillator and the plate, then the oscillator motion equation is as follows: 
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Finally, the motion equation of the oscillator in the first span of the pontoon bridge is in the form: 
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The equations of the motion of free damped vibrations (5) will now contain additional words from 

the forced  N t force. Therefore, the system of three differential ordinary traffic equations can be 

written in the following way: 
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The system of coupled motion equations is in total a sixth order relative to time. In order to 

uniquely describe the movement, six initial conditions must be formulated, which in this case 

are zero: 

 

           1 2 1 20 0, 0 0, 0 0, 0 0, 0 0, 0 0w =  q   =  q  =  w  =  q  =  q  =  .& & &     (8) 

 

If the oscillator is in the second span, then the equations of motion are more complicated: 
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the deflection of the beam at the point of contact with the oscillator is now equal 
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The initial conditions are no longer zero for the system of motion equations (9), they are 

determined by the solution of the system of equations (7) at the moment 
l

t = 
v

. 

If the oscillator is on the third span, the deflection under the oscillator and the system of 

motion equations are as follows: 
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Also in the third span, the initial conditions are not zero, but determined from the solution of the 

system of equations (9) at the moment 
v

l
 = t . 

If the oscillator descends from the bridge and moves on an infinitely rigid, horizontal ground, the 

equations of the bridge's motion are homogeneous and describe free vibrations: 
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The initial conditions in this case determine the solution of the system of equations (11) at the 

moment 
l

t = 
v

. Therefore, we have a set of equations of the bridge's motion, which should be 

solved in order to determine the movement of the oscillator and the vertical displacements of 

the pontoons 
1q  and 

2q . 
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The equations of motion (7), (9), (10) and (11) are solved numerically, taking the following 

numerical data: 5000 kgm =  , 2000 kgM =  , 1 1500 kgM =  , 150000 N/ mk =  , 0,05 krc =  c , 

1 = 2   krc M k , 31000 kg m =   , 30 ml =  , 25mF = , 10 m sv =   i 29,81m sg =  . With 

given numerical values, the basic dynamic quantities are equal: 
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Figures 3-9 show some results of the solution of four systems of equations of motion of the 

bridge (7), (9), (11) and (12). In all figures, displacements are given in meters, displacements 

velocity in meters per second, and time in seconds. To obtain real values q of displacements, 

the volumes should be divided by static deflections of pontoons stq . Attention should be paid 

to the effect of moving down the mobile oscillator from the bridge, causing very large 

amplitudes of free vibrations due to the relatively small difference between the speed v and the 

first critical speed. 

 

      
3. Vertical displacement charts  1q t  in  m  and speed  1q t&  the pontoon A in the absence of 

vibration damped by forced pontoons 

 

      
4. Vertical displacement charts  2q t  and speed  2q t&  the pontoon B in the absence of vibration 

damped by forced pontoons 
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5. Deflection graph  w t  a mobile oscillator and a graph of the deflection derivative  w t&  

 

     
6. Coordinate phase portraits  2q t  and  w t , the oscillator is in the third span 

 

     
7. Vertical displacement charts  1q  t  and speed  1q t&  pontoon A including damped vibrations of 

forced pontoons, 0,1 kr =    

 

     
8. Vertical displacement charts  2q t  and speed  2q t&  pontoon B including damped vibrations of 

forced pontoons, 0,1 kr =    
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9. Deflection graph  w t  a mobile oscillator and a graph of the deflection derivative  w t&  

including vibration damping of forced pontoons, 0,1 kr =    

 

Bridge damped vibration under a moving oscillator 

In the case of damped vibrations in the bridge motion equations, additional damping forces should 

be taken into account, proportional to the speed of the pontoons. In the case of damped vibrations 

in the bridge motion equations, additional damping forces proportional to the speed of the pontoons 

should be taken into account 1q&  and 2q& : 

 

1 1 2 2,R  = βq R  = βq& & ,           (14) 

 

β is a fraction of the critical attenuation coefficient that we assume is constant, i.e. as in the case of 

a system with one degree of laxity 
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3
kr Fg M m .             (15) 

 

After taking into account the suppression of the motion equation of the bridge-oscillator system, 

when the oscillator is in the first span, they have the form: 
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Similarly, damping in systems of equations (9) and (11) should be taken into account, describing the 

vibrations of the bridge when the oscillator is located on the second and third spans, respectively. 

The systems of equations obtained in this way are solved analogously to the previous task without 

taking into account damping, using in each case six initial conditions. As before, the initial 

conditions are zero only when the oscillator is on the first span, the subsequent initial conditions 

result from the solution for the previous span at the moment 
l

t = 
v

. Based on the solutions 

received in this way, taking data as in the previous example and assuming in addition 

0,1 kr =   , charts are shown in the figures 7-9. 
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Conclusions and generalizations 

The paper discusses the dynamic solution of a three-span floating bridge loaded with a movable, 

single-mass visco-elastic oscillator. The speed of the oscillator is constant and relatively low, it was 

assumed to be equal to 10 m / s. Voltage and free vibrations were considered after the oscillator's 

exit from the bridge. A linear system of three traffic equations was solved numerically using the 

Mathematica code. The results of solutions for motion equations are shown graphically in Figures 

4-9. The next stage of the studies regarding the dynamics of pontoon bridges will be to consider the 

effect of flexible bridge spans with finite bending stiffness. We will then have to deal with a discrete 

continuous system. The results of the study can be used to test computer calculations in FEM real 

constructions of folding bridges with intermediate floating supports. 
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