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Dynamic response of rail track in longitudinal direction

Abstract: The paper presents an analysis of linear models track response under longitudinal
loads due to braking/accelerating of the train. Longitudinal forces are uniformly distributed on
the whole length of the train. Analysis was carried out under assumption that — in the short
time — train speed not changes significantly. Therefore stationary response of rail track is
considered. The problem of critical speed has been analyzed. Effect of damping properties of
track foundation on maximum longitudinal displacements were also considered. In summary
certain practical conclusions were formulated as well as the further investigations were
pointed out.

Keywords: Rail track; Braking/Accelerating of train; Analytical track models; Rail
longitudinal displacements

Introduction

Analysis of the dynamic response of a railroad is mainly related to the vertical plane (see e.g.
[1,2,4,9]). The analysis in the horizontal plane (in the transverse and longitudinal direction)
concerns relatively few works, both theoretical and experimental (see e.g. [5-7,10-11,13-14]).
Work on longitudinal interactions, or more precisely braking and speeding up of a train,
mainly concerns the dynamics of vehicles and simulated theoretical trains (see e.g. [12]).

In the work the model of the rail way in the longitudinal direction is considered at
loads resulting from braking / accelerating the train. It is assumed that in a small time interval
during braking / accelerating the train speed does not change significantly - that is why the
stationary response of a railroad is considered, both in the case of acceleration and braking of
the train. Longitudinal forces are determined by multiplying vertical forces by the assumed
coefficient, also called the braking / acceleration intensity coefficient.

Rail track and load model

The rail track is modeled as a substitute beam, resting on a resilient-sticky substrate. The
beam consists of two rails, described by two parameters: longitudinal stiffness £4 (where E —
Young's modulus of the rail steel [N/m?], 4 — cross-sectional area of two rails [m?]) and unit
weight m [kg/m], which concerns both the unit weight of the two rails as well as, if
applicable, the weight of the sleepers and fittings per unit length of the track.

The rail substrate is described by two parameters: unit stiffness & [N/m?] and a unit
damping factor ¢ [Ns/m?]. These parameters characterize the longitudinal properties of
fastening rails to sleepers and longitudinal resistance when the sleepers under ballast move.
Two hypotheses of the impact of load on the longitudinal stiffness of the rail substrate are
considered: stiffness does not depend on the vertical load, but stiffness increases as the

1



Transportation Overview - Przeglad Komunikacyjny 7/2018

vertical load increases. Both hypotheses are confirmed in experimental studies, although most
studies show that this effect is negligible and the assumption of stiffness not dependent on
vertical load is justified [5]. Nevertheless, in the course of further deliberations, we will
analyze both cases. With regard to the other parameters of the rail track, we assume that they
are fixed along the track.

As already mentioned, the longitudinal loading will be considered as train acceleration
and braking forces in a small time interval in which the train speed does not change
significantly. The following load model will be considered in the work:

1. The longitudinal forces at the interface between the wheels and the rails are evenly
distributed over the entire length of the train. This assumption, in a static solution, was
verified in paper [5]. It has been shown that even load in relation to - statically
equivalent - discrete load does not introduce significant errors. This applies in
particular to the zone of maximum values of longitudinal displacements.

2. Longitudinal loading € [N/m] depends on the vertical load ¢ [N/m], and this
relationship is described by the formula:

0= 1i-q (1)

where ¢ — dimensionless coefficient (smaller than the sliding friction coefficient)).
Rail track without damping and with track rigidity independent of vertical load
(k(x)=ko,=const.)

Equation of track motion without damping, with constant rigidity of the rail foundation &k, and
load @, evenly distributed over the entire length of the train 2/, ,has form (compar. [5]):

2 2
EAgx—L; - mgT? —ku=-0(x,t); under the train (2a)
2 2
EAa—u - ma—u —ku=0; outside the train (2b)
ox® o*
where:

u(x,t) — longitudinal displacement of the substitute beam (rails), other markings - as in the
previous chapter.

In a mobile coordinate system ( =u, {=x-vt), whose center is at the middle point of
the train, where v — train speed, if the load does not change over time, equation (2) can be
saved in the form of ordinary equations:

d’u ) 0

- =———:dla/&| <], 3
dé? pru EA—mv* a|§| (3a)
du , ‘

4 - pu=0; dla|§|>l, (3b)
where:

k()
P\ Ea-m @
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It is easy to see that equations (3) make sense when the speed of the train v is less than the
critical value v, , that is:

Wy, = \/E—7 (5)
m

The general solution of the equation (3.2a), taking into account the special integral,
can be written in the form:

0
u(§) = C, -ch(fS) + C, - sh(fS) + k—;dla|§| <l (6a)
while the general integral of the equation (3.2b) will take the form:
u(&)=D, e+ D, - dldé, (6b)

where: C;, C2, D;, D2 — constant.

Symmetrical solution to the point ¢ = 0, considering positive values ¢, can be
obtained by adopting the following boundary conditions and conditions for the continuity of
functions and its derivatives at the end of the train:

du
dyé—>0";,— > 0;
gdyg e
gdyé — oo;u — 0
wE=1)=ul=1);

du o du _-
d_é:(‘f_lt)_dé:(ég lt)

For these boundary conditions a stationary solution to the problem, for positive values
&, will take the form:

(7)

_0{, ch(p5¢) .

u(gz) - ko (1 Ch(ﬂlt)_i_sh(ﬂlt)}gdyfglt (83.)
_9. sh(fl,) B,

s [ch(ﬂzzwsh(ﬂzl)j ¢ el (50

and the solution is symmetrical with respect to the point & = 0.

The solution without damping, depending on the vertical load
We assume that the longitudinal stiffness of the railroad under the train, along its entire
length, is in the form:

q, ¢
k, =k, + -2 [N/m’] (9)

lim

where: k, — longitudinal stiffness of unloaded track [N/m?] (compare equations (2)), g, — the
unit vertical load of the train falling on the sleepers [N/m], ¢ [-], uim [m]— coefficient of
friction of the foundation against ballast at longitudinal loads and limit value of elastic
displacement of the foundation in the ballast in the longitudinal direction.

All these values must be determined experimentally, under laboratory conditions (see
e.g. [5]). With this assumption the equation (2) will take the form:



Transportation Overview - Przeglad Komunikacyjny 7/2018

2 2
EAZX—L; - mZT? —k,u=-0(x,t); under the train (10a)
2 2
EAa—u - ma—u —ku=0; outside the train (10b)
ox® o*

In a mobile coordinate system ( =u, {=x-v¢), where v — train speed, if the load does
not change over time, equation (10) can be saved in the form of ordinary equations:

d’u 0

. Bou= —m;dla|§| <l (11a)

du _

T Bu = 0;dla|E)l, (11b)

where:

5 - k, (12)
r EA—mv*

S — as in the formula (4).

As can be seen, also in the case of a variable rail vehicle stiffness, the critical speed
has the same value as in the case of constant stiffness (see formula (5) and (12)).
Using the same reasoning method and the same boundary conditions as in the case of constant
longitudinal stiffness, solving the problem, i.e. stationary track response with longitudinal
load uniformly distributed along the train, for positive values of the argument &, will have
form:

PN PO V.S
ok, ch(B,1)+a sh(B,1,)

J;gdyé <, (13a)

-sh(p,1
g =2 I

e gdy ), 13b
; ch(ﬂpl,)+a)-sh(,8pl,)J gdye) (130)
where w=p,/p.
and the solution is symmetric with respect to the point £=0.

As you can see, the structure of formulas (13), due to the functions that occur, is
identical to the formulas (8).

Summarizing the considerations regarding the track response under homogeneous unit
load in the absence of attenuation, the following observations can be made:

1. The critical speed for a loaded track in the longitudinal direction does not depend on
the stiffness of the rail base. This applies to both the constant stiffness hypothesis,
independent of the vertical load, and the case in which the vertical load increases the
longitudinal stiffness of the rail substrate. For typical parameters of pavement
construction, the critical speed is at the level of 4000 - 7000 km/h (formula (5)). This
means that the critical speed of the surface in the longitudinal direction is significantly
higher than in the case of vertical and transverse loads to the track axis (the critical
speed at 1000-1500 km/h, compare e.g. [1,4,8]). The calculations show that for typical
track parameters, at speeds up to around 500 km/h, the dynamic coefficient associated
with the increase in longitudinal displacements can be neglected and treated as a static
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load. This applies to the load evenly distributed along the train and unchanged during
the movement of the train.

2. Stationary path response, described by equations (8) and (13) should be treated as a
strict solution to the problem. This solution, in the case of static load, has been verified
numerically [5]. Taking into account the observations formulated above, it can be
concluded that this solution describes well the cases currently occurring in the
railways (speeds below 300-350 km/h). On the basis of numerical analyzes, a good
agreement between the solution and statically equivalent load from the concentrated
forces system [5] was also demonstrated, especially in the area of maximum
longitudinal displacement of the track.

Surface with damping under constant load
The equation of motion in the general case, when we consider the damping of the rail
substrate ¢ [Ns/m?], and the unit load is described by any function 6(x,z), has a form:
o’u o’u  ou
—FA—+m—+c—+ku=0(x,t 14
x> ot o f (:8) (14

It has been assumed that the longitudinal stiffness of the rail substrate does not depend
on the load, therefore, over the entire length of the analyzed track section it is constant and
amounts to k,. In the mobile coordinate system, (3 =u, £=x-vf), in case of a constant,
unchanging load, the equation (14) can be written in the form of the following ordinary
equation:

d*u du B
ae Cvd—§+ ku=0(S) (15)

(mv* — EA)

The calculations showed that the solution (13), for typical pavement and load
structures, is practically zero for points distant from the ends of the train by more than 200-
250 m. Therefore, we will assume that both the solution of equation (15), i.e. the longitudinal
displacement function, as well as the load can be written in the form of an infinite Fourier
series, but in a finite range [0,4/:

0(&) = "2—0 +3 (4, cos Q& +b, -sin Q. £);

u(é) = u7°+ i (4, -cosQ.&+B, -sin Q&) (16)

£el0,4]:0, = 22!

After differentiating the function (16), substituting the received expressions to
equation (15) and after ordering, we get the following set of algebraic equations to unknown
values 4;, B; and u,:

[-(mv* — EA)- Q] +k]4, +[-cQ,]B, =a,

[VQ. 14, +[~(mVv’ — EA)-Q} +k]B, =b, (17)
%
u, k

The number a,, as well as coefficients a; and b; - for a rectangular distribution of the
longitudinal load along the whole train - one can determine from analytical formulas with
arbitrarily high accuracy and for a finite number of Fourier coefficients. Preliminary
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calculations showed that under the assumption of 1000 Fourier coefficients (i = 1,,,n, n =
1000), with the assumption A=train length +2*250 m, solution (13) is identical to the solution
(15), using the formulas (16) and equations (17) for the ground damping coefficient c=0.

Examples of calculations
The calculations were carried out for the following rail and load parameters (based on [3.5]
and other own works of the Cracow University of Technology):

1. Rail track: tracks 60E1, E =2,1*10""N/m? A4 =2*7687*10°m?, m = 2*60 kg/m
(tracks)+320kg/0,6m (PS-94 type sleepers) =653,3 kg/m (also only tracks, m= 120
kg/m), longitudinal stiffness of the rail substrate k = 2500 — 7520 kN/m?, separate
damping coefficient of the substrate ¢ = 357/ Ns/m*> (basic value), also up to
1755500 Ns/m? (500 times the basic value);

2. Load: train EMU-250 (Pendolino), about the distance between the extreme axes 2/; =
185 m, 28 axes *160 kN/axis, unit vertical load ¢ = 24,22 kN/m, unitary constant
longitudinal loading 8 = ug, 1 =0,2; 8 = 4,84 kN/m;

3. Other parameters: train speed v — up to 8§50 km/h; the number of Fourier coefficients
n—to 1000.

Figure 1 shows the functions of longitudinal displacement of the track during braking
of the Pendolino train in the case of the constant stiffness hypothesis of the ground (k, = 4500
kN/m?) and variable stiffness - outside the train 4500 kN/m?, and under the train k, = 7520
kN/m? (this value was adopted on the basis of the few experimental studies that confirm this
hypothesis - on the basis of [5]).
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1. The distribution of longitudinal displacements when braking the EMU-250 train
(Pendolino) with the adoption of two hypotheses of the effect of vertical load on
longitudinal rigidity of the rail substrate

In the case of variable soil stiffness, longitudinal displacements are significantly
smaller - in the analyzed example by about 40%. From the engineering point of view, the
hypothesis of constant stiffness, as giving higher values of displacements, is more useful -
therefore further calculations will be carried out assuming k = k,=const.

Figure 2 shows the effect of substrate stiffness on the maximum longitudinal displacement.
The values k = 4500 kN/m? corresponds to a well-maintained track, values 7500 kN/m? — very
well maintained track, while values 3500 kN/m? and below, medium and poorly maintained
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track. As can be seen, the influence of longitudinal stiffness on the maximum displacement is
significant. From the formulas (8) and (13) it can be seen that the intensity of the load 4 it is
directly proportional to displacements - therefore, showing this relationship graphically does
not make sense.
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2. Influence of longitudinal stiffness of the rail substrate on the maximum displacement
under the EMU-250 train (Pendolino) at the speed 250 km/h

As already indicated, the critical speed in the case of longitudinal loads, determined in
the absence of damping of the rail substrate is very high and significantly exceeds the current
operating speeds. By introducing the basic value of attenuation based on tests, that is ¢ = 3511
Ns/m?, a constant value of maximum displacements is obtained up to over 500 km/h -
changes smaller than fractions of one promil. Only a 500-fold increase in the damping
coefficient causes the maximum deflection to decrease; at a speed of 350 km/h, the drop is
just 3%. This effect is illustrated in Figure 3.
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3. The effect of train speed on the maximum longitudinal displacement (damping factor
500 times higher than the basic one)
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Summary and Conclusions

The paper presents the issue of the railways response with longitudinal loads. Three linear
analytical models were analyzed: two concerning the track without ground suppression, with
two hypotheses of the effect of vertical load on longitudinal rigidity and one for the rail track
with damping. The longitudinal loading was assumed to be constant, immutable over time and
evenly distributed over the entire length of the train. The following conclusions come from
the analysis:

1.

The critical speed at longitudinal loads, regardless of the hypothetical effect of vertical
load on the longitudinal stiffness of the rail substrate, is many times higher than the
critical speed in the case of vertical and transverse loads. The critical speed depends
only on the longitudinal stiffness of the rails and the mass involved in the longitudinal
vibration of the track.

The consequence of this is the fact that - along with the increase in speed - the shape
of the displacement function changes to a very small degree, and their maximum value
is constant to speeds above 500 km/h with accuracy to fractions of a promil.

The introduction of damping with the value of the coefficient resulting from
experimental tests does not change the impact of velocity on the maximum
deflections. Only with very high damping (damping factor up to 500 times higher than
the basic one, resulting from experimental tests) there are slight changes - at the speed
of 350 km / h, the change compared to the speed close to zero is just 3%.

In engineering applications, when analyzing the path responses to permanent
(immutable in time) loads resulting from braking and accelerating the train, a static
model can be used, in which three parameters are important: intensity of longitudinal
load, longitudinal stiffness of the substrate and longitudinal stiffness of rails.

Further work of the authors in this area will be focused on studies of the effect of
variable loads over time, analysis of variable load distribution along the train and
change of speed during acceleration and braking of the train, i.e. analysis of non-
stationary states.
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