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Response of short span bridges under mooving high-speed train 
 
Abstract: The paper presents a comparison of dynamic responses of bridges with different 
dynamic characteristics to a quasi-real mobile load. Different bridge – track – train (moving at 
high speed) systems were analyzed. The system is ballasted monotrack. The model of the 
bridge is a 15-meter beam simple-supported with a steel structure. The load model is 
represented by the Shinkansen train. The results are compared with very simplified load 
models, such as streams of concentrated forces, concentrated masses, one-mass oscillators and 
two-mass oscillators. 
 
Keywords: Short span simply supported railway bridge; Vehicle-bridge interaction, 
Resonance 
 
Introduction 
Transport systems play a key role in modern societies. Economic development depends on the 
rapid and effective mobility of both people and goods. In this context, the high-speed rail 
system (HSR) is an attractive alternative to road transport. High-speed rail has become an 
important element of the national transport network, as it is a travel option that increases the 
quality of life and supports economic growth. HSR was established in the second half of the 
20th century. In 1964, the pioneering HSR system was opened - the first section of the 
Japanese-Shinkansen train line (Tokyo-Osaka) moving at an operating speed of 210 km/h. 
Then in 1981, a railway line was created connecting Paris with Lyon, on which the TGV train 
moved with a maximum speed of 260 km/h. Italy joined Japan and France in 1981, Germany 
in 1988 (ICE trains), Spain in 1992, Belgium in 1997, Great Britain and China in 2003, 
Switzerland and South Korea in 2004, The Netherlands and Turkey in 2009, Austria in 2012 
and Poland in 2015. Based on the data contained in the study of the European Union [19], 
Figure 1 shows the current state and lines in the construction of a high-speed rail system in 
Europe. 
 

 
Fig. 1. The length of the HSR NETWORK high-speed rail line in Europe 



Transportation Overview - Przegląd Komunikacyjny 11/2019 
 

13 
 

 
 
According to the European Union Directive [2], high-speed rail lines include: 

• specially built high-speed lines, generally designed for speeds equal to or exceeding 
250 km/h, 

• specially upgraded high-speed lines for speeds of about 200 km/h, 
• specially modernized high-speed lines, having special features resulting from 

conditions related to topography and urban planning, on which lines the speed must be 
adapted to each case. This category also includes lines connecting high-speed 
networks and conventional networks, lines running through stations, access to 
terminals, locomotives, etc., which are used by high-speed rolling stock running at 
conventional speed. 

 
Bridge structures are very important elements of a high-speed rail line, they are used to cross 
obstacles such as rivers, valleys, existing highways or railways. In recent decades, the analysis 
of railway bridges has been the subject of research by many engineers, because the dynamic 
effect caused by trains crossing the bridge is one of the most important aspects that should be 
taken into account at the design stage [4]. Studies have shown that at speeds above 200 km/h, 
excessive vibration may occur as a result of resonance phenomena, which has been confirmed 
in standard regulations [11]. Transitions of successive loads (successive axle loads of 
wheelsets moving over the bridge) can excite the bridge structure and when the frequency of 
excitation (or its multiplicity) is close to the frequency of natural vibrations of the system (or 
its multiplicity) a resonance phenomenon may appear. This can lead to several problems, 
namely: instability of the bedding layer, loss of contact between the wheel and rail, increased 
damage due to fatigue or even passenger comfort. [20] It should be remembered that some 
aspects are not yet fully known, which causes designers to face the problem of dynamic 
analysis of railway bridges - whether there will be higher acceleration values than those 
recognized as acceptable in European standards [22].  
 Current European standards reflect the problem of excessive vibration by requiring 
dynamic analysis to be performed in almost every case where the maximum line speed 
exceeds 200 km/h. Compared to previous Polish Standards [12, 13], the PN-EN [10.11] 
standards expanded the approach to dynamic rail bridge issues. The dynamic nature of the 
load is taken into account in two ways: 

• by introducing static calculations on loads increased by the dynamic factor ϕ - just like 
in previous national standards, 

• by analyzing the direct processes of deformation and distribution of internal forces and 
stresses from loads moving at set speeds based on the dynamic response of the system 
(time analysis) [26] 

 
Due to the non-uniform requirements for high-speed rail, dynamic analyzes should be carried 
out based on standards, technical literature, and railway technical standards. [27] A bridge 
structure approved for use and operation at high speed rolling stock journeys should meet 
many conditions. The main ones are: 

• ultimate limit state requirements, taking into account additional dynamic and fatigue 
effects caused by high speeds,  

• the requirements of the serviceability limit state, which ensures traffic safety and 
adequate passenger comfort,  

• structural durability requirements, avoiding permanent deformations, 
• requirements for appropriate railroad equipment, 
• the correctness of construction solutions, both design and executive, 



Transportation Overview - Przegląd Komunikacyjny 11/2019 
 

14 
 

• environmental protection requirements - minimal pollution and noise, 
• economic requirements - track operation and maintenance costs should be relatively 

low. 
 
Dynamic analysis 
The history of mobile load analysis in Poland dates back to pre-war times. The first 
pioneering works are connected with the name of Aleksander Wasiutyński. The use of 
computational methods for mobile loads in Poland is associated with the name of Jan 
Langer.[24] 
 Various types of methods can be used to analyze the dynamic effects of rail bridges as 
a result of high-speed train travel, including:  

1) analytical methods based e.g. on modal analysis, 
2) simplified methods, using the introduction of resonance excitation (DER - 

Decomposition of the Resonance Excitation), 
3) empirical methods based on real examples limited to several types of constructions, 
4) analytical methods based on vehicle-bridge interaction. 

 
Different methods of mathematical and physical accuracy are used in time methods - different 
theoretical models mapping a mobile train are used, e.g. 

• HSLM (High Speed Load Model) standard models A and B, 
• concentrated forces, 
• masy skupione, 
• single-mass oscillators, 
• viscoelastic two-mass oscillators, 
• flat sets of rigid mass discs and concentrated masses, 
• spatial sets of shields and masses, 
• other. 

 
In addition to deterministic loads, due to the randomness of vibrations, many researchers use 
modeling of stochastic loads - consider vibrations in probabilistic categories, and therefore 
use a mathematical apparatus in the field of probability calculus and stochastic processes. [23] 
 The work compares the results for 15m span bridges obtained by analytical methods 
for the following flat load models moving at a constant speed: 

a) stream of concentrated forces [14]- P model, figure 2,  
b) concentrated mass stream [14] - M model, figure 2, 
c) one-mass oscillator stream [14] - Mo model, figure 2, 
d) two-mass oscillators stream [14]- MMo model, figure 2, 
e) set of two rigid mass discs with linear viscoelastic first and second stage suspensions 

[17] - MBFS model, figure 3. 
 
The above-mentioned five models are represented by a Japanese Shinkansen train (Figure 4) 
consisting of 8 repetitive rail vehicles, each 25 m long, with two independent two-axle bogies 
with 17.5 m wheelbase. [20] 
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Fig. 2. Adopted mobile load models: 

a) P model; b) M model; c) Mo model; d) MMo model [14] 
 

 
Fig. 3. Flat model of moving loads - MBFS model. [17] 

 

 
Fig. 4. An example of a Shinkansen train, [6] 

 
The fifth model of the vehicle (Figure 3) is more complex than the others - it consists of four 
unsprung concentrated masses imitating wheelsets, two rigid mass discs mapping bogie 
frames including traction motors, and an upper rigid mass disc mapping the vehicle body. The 
vehicle model has four linear viscoelastic first stage suspensions and two-second stage 
suspensions. The system has 6 degrees of looseness. 

The following main assumptions were made:  
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• the physical model of the system is flat, 
• a simplified model of a single-span railway bridge is a freely supported Euler beam,  
• attenuation in the beam is Langer type (permanent decrement model) [8],  
• the axis of a beam statically loaded with its weight is rectilinear,  
• the track outside the beam is rectilinear and non-flexible, 
• the rails are perfectly straight - no track unevenness, 
• the system is physically and geometrically linear compartments,  
• the load speed is constant,  
• at the moment � � 0 the system is in static equilibrium,  
• a finite stream of N repetitive moving elements is considered, at intervals reflecting 

the axial distance of the bogies and the length of the vehicle (cyclic load),  
• one-sided bonds between vehicle wheels and rails were taken into account (MMo and 

MBFS models). 
 

 
Fig. 5. Beam and moving load models: 

a) system configuration at the initial moment, b) dynamic beam deflection ���, �� and the 
position of the interaction force 	
��� 

 

v = const

 
Fig. 6. Example system taking into account deformability of access zones 

- contaminated scale [15] 
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In the dynamic analysis of Mo, MMo, MBFS models, interaction forces were introduced 
(Figure 5) between focused moving elements and the bridge beam (VBI - the vehicle-bridge 
interaction).  
 Movement equations were formulated in secret form, separately for the beam and 
moving load. Type II Lagrange equations for the beam and the d'Alembert principle for 
moving load were used. Matrix equations of subsystem motion were obtained, belonging to 
the class of ordinary, linear differential equations with constant coefficients: 
��
 ��� + ��� ��� + ����� � �[����, �]                                  (1) 
where: 
�, �, � - matrices of inertia, damping, and rigidity, 
�[�(�), �] - generalized load vector dependent on the interaction force vector R(t) and time 
variable t. 
 
Matrix equations of motion of the system were formulated partly in an implicit form. Then they 
were numerically integrated using the Newmark average acceleration method with the 
parameters βN=1/4, γN=1/2, developed into an implicit form [14]. An analysis of bending 
vibrations in the vertical plane of bridges was carried out. 
 As a result of dynamic analysis, the following conclusions were received: 

1) Models P and M do not include suspension - no vehicle-structure interaction. 
2) Model M is rated as the least favorable because it shows large differences, both 

qualitative and quantitative, compared to other models. 
3) The P and Mo models are close to reality, but there may be distortions in resonance 

states. 
4) In the area of simplified train models, the MMo model is most similar to reality  
5) Modeling of fast rail vehicles requires including unsprung masses, sprung masses and 

viscoelastic suspensions. The MMo model with these features is rather simplified. It is 
suggested to model separately wheelsets, sprung bogie frames, sprung vehicle bodies 
and first and second-order viscoelastic suspensions, e.g. MBFS model. 

6) In the case of repetitive rail vehicles, resonance conditions may occur, therefore, the 
total number of vehicles and damping factors should be taken into account in dynamic 
simulations. 

 
None of the above models took into account the deformability of the track in the access zones 
to the bridge. In works [15, 18], where a much more complex system (Figure 6) of a bridge - 
track - mobile train (BTT system) was adopted, the enormous impact of this element on the 
analysis of the bridge as an effect under the influence of trains traveling at high speeds was 
proved. The results of the analysis presented in [1] confirm that the "track threshold 
inequality" due to a sudden change in trackbed stiffness must be taken into account. 
 
Conclusions 
Constant moving load models are widely used in dynamic analysis of railway bridges. 
However, using this simple model can overestimate the resonance response of a bridge with a 
simply supported beam pattern if the vehicle-bridge interaction (VBI) effects are ignored, 
especially for short spans. [25] To accommodate the VBI effects, Eurocode 1 [11] enables 
engineers to consider additional structural damping that depends on the bridge span. This 
method is the so-called Additional Damping Method (ADM), it was formulated to take into 
account the impact of the predicted interaction. It should be taken into account that the 
additional attenuation method can sometimes cause a dangerous prediction of the structure's 
response. [25].  
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In the paper [5] presenting a theoretical and experimental analysis of a bridge with a 
span width of 15.25 m, the authors admitted that numerical models overestimate the 
maximum accelerations of the bridge structure. They argue that this is probably due to a lack 
of consideration of vehicle-design interactions that are most relevant in resonance. Such 
situations are less common in medium or long bridges. [5] 

Small span railway bridges seem more problematic [21]. It is observed that the 
phenomenon of resonance occurs more often in short bridges [3, 9]. It should be noted that the 
dynamic behavior is influenced not only by the bridge's structural properties but also by the 
track's dynamic properties, namely ballast, and rail as well as the dynamic properties of the 
vehicle, especially in bridges with short spans. These aspects result in particularly difficult to 
predict dynamic responses at the design stage of this type of structure [22]. 
 Dynamic analysis of bridge structures is necessary for the event of resonance, i.e. a 
dangerous phenomenon that can occur as a result of high speeds and regularly spaced groups 
of train axles (load cyclicality). If the track unevenness is additionally present, excessive 
vibrations of the bridge plate may cause loss of wheel-rail contact, ballast destabilization, the 
occurrence of cracks and concrete crumbling as well as exceeding the stress limits of the 
bridge structure. Dynamic effects, including resonance, must always be taken into account 
when analyzing a railway bridge over which high-speed trains can travel. In the case of a 
cyclic stream of moving forces, states of force resonance may occur in the beam.  
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