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Change of constraints in rope articulated structures 
 
Abstract: In the paper four examples of two-dimensional and three-dimensional material 
systems, in which some of constraints were suddenly removed, are analyzed. A simple 
structure consisting of two ropes and a particle, a spatial structure consisting of three 
weightless ropes and a particle, and a beam suspended on two ropes and a circular shield, also 
suspended on two ropes, were analyzed. In all cases one of the ropes was suddenly cut. 
Solutions were obtained by the analytical method, using the properties of the instantaneous 
center of acceleration. The obtained results are illustrated by diagrams of accelerations, 
angular accelerations and forces acting in the considered systems. 
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Introduction 
A sudden change in constraints in building structures often leads to emergency conditions and 
catastrophic engineering structures [3]. The subject of considerations in this paper is flat and 
spatial material systems. Four sample structures were solved, in which some of the constraints 
were suddenly removed. At the initial moment0t += , just after the change of constraints, 
accelerations were determined, as well as the arrangement of all external reactions and 
internal forces in unstretched ropes. The tasks were solved by an analytical method using the 
properties of the temporary acceleration centre [10-15]. It should be emphasized that at the 
moment 0t += there are no velocities and angular velocities in the system yet, while there are 
accelerations as well as external and internal forces in the weakened material system. In such 
cases, the momentary centre of rotation (speed) coincides with the momentary centre of 
acceleration.  
 
A sudden change of constraints of the particle suspended on two and three ropes 
The flat structure shown in Figure 1, with material point C of weight Q is considered. Initially 
(before removing the bonds), the forces in both ropes are equal. We determine them from the 
static equilibrium of node C, we have an equation from which we determine the internal static 
forces equal in both bars: 
 

.
cos2

cos2 statstat α
α Q

SQS =→=   (1) 
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Immediately after cutting the AC cable, the system does not have speed yet, but there is 
already an acceleration a of the material point of weightQ . According to the designations in 

Figure 2, from the kinetostatic equations of node C, we find the force dynS  in an uncut bar: 

dyn dyn0 cos cos 1 sin .
2 cosy

Q Q a
F S a Q S

g g

πα α α
α
  = → + − = → = −  

   
∑   (2) 

We determine the acceleration a using the kinetostatic equation of the sum of moments of all 
forces relative to point B (Fig. 2) of the horizontal ceiling at the moment0t += : 

B 0 sin 0 sin .
Q

M Ql al a g
g

α α= → − = → =∑       (3) 

The ratio of dynamic force in BC cable to static force in this cable can be found as follows: 

( )2dyn

stat

2 cos .
S

n
S

α= =           (4) 

Graph of the function ( )n n α= , at 0,
2

πα ∈  is shown in picture 3. 

 

 
 

1. Static diagram of a flat structure before cutting the AC cable 
 

 
 

2. Dynamic diagram of a flat structure after cutting the AC cable 
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3. Graph of dynamic coefficient, function ( )n n α= , depending on the angle 0,
2

πα ∈  

We will now consider a spatial structure consisting of three cables, hinged in a rigid 
horizontal ceiling at points A, B and C, and converging to point S, where a particle with mass 
m was suspended. The ropes have the same lengtha, while points A, B and C are the vertices 
of an equilateral triangle with the given length of the side equal2b , as in Figure 4. The system 
remains in equilibrium in the Earth's gravitational field. At one point, the SB line was cut 
abruptly. We will determine the ratio of dynamic force to static force in each uncut cable. 
 

 
4. Spatial rod structure before cutting the BS cable 

 
According to the designations in Figure 4, in the static case, due to the symmetry of the 
system relative to the vertical axis passing through point S, the forces from static load in three 
ropes are equal and we can determine them from the equation of equilibrium of the cut node 
S: 

stat stat

2

2 2 2 2 2 2

stat 2 2

0 3 cos ,
3cos 3cos

2 3 1 3
2 3 4 , cos 3 4 ,

3 2 33

1 3
.

3 3 4

z

Q mg
F X Q X

H
H a b a b a b

a a

a
X mg

a b

γ
γ γ

γ

= → = → = =

 
= − = − = = −  

 

=
−

∑

    (5) 

After a sharp cut in the BS cable, as shown in Figure 5, the distribution of forces at the S node 
changes. There is still no speed in the system, but there is already an acceleration of a material 
point with a mass m, which we will denote by the letter p. The apparent inertia force of 
d'Alembert B m p= is perpendicular to the height h of the ACS triangle. There are now four 
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forces at rope S: two forces dynY on the other two ropes, inertia forceB , and particle weight

Q mg= . The sum of projections of force measures on the vertical axis of symmetry leads to 
the following equation of kinetostatic equilibrium.: 

dyn dyn

2 2
2 2

2 2

0 2 cos cos 2 cos sin ,
2

1 3
2 3 3 43 2sin , 3 4 , cos .

33

zF Y mp mg Y mp mg

b b H a b
h a b

h a aa b

πγ β γ β

β γ

 = → + − = → + = 
 

−= = = − = =
−

∑

 (6) 

 

 
5. Spatial rod structure after cutting the BS cable 

 
The accelerationp  missing in formulas (5) and (6) will be determined from the kinetostatic 
equation of the sum of moments relative to the AC axis perpendicular to the height h and to 
the inertia force vectorB . We have therefore: 

AC 2 2

1 3 3
0 2 .

3 2 3

bg
M mg b m ph p

a b
= → = → =

−
∑      (7) 

Putting nowp , cosγ , sinβ , into the equation of kinetic-equilibrium (6)2 we will get one 

equation with an unknown forcedynY , occurring in each of the other two links, and therefore: 

( )

( )

2 2 2

dyn 2 2

2 2

dyn 2 22 2

3 4
2 ,

33

3 3 4
.

23

a b b g
Y m mg

a ba

a a b
Y mg

a ba b

− + =
−

−=
−−

        (8) 

The quotient of dynamic force dynY  to static force statX  in the cable is as follows: 

( )
2 2

dyn

2 2
stat

3 4
.

2

Y a b
n

X a b

−= =
−

          (9) 

In a special case if 2a b= , answer (9) gives 
4

3
n = . 

Beam suspended on ropes 
Let a horizontal beam AB of weight mand length l2  hang on two unstretched cables 
converging at a pointO. At one point the DB cable was suddenly cut. Our task will be to 
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determine the components of the beam centre acceleration xa and ya , the angular acceleration 

of the beam ε and dynamic force N in the second, FA uncut cable, just after the BD cable is 
cut.. The task formulated in this way is included in the set of tasks by Mieszczerski [4], 
repeated in the set of Antoniuk and Kiedrzyński [1]. One solution for this task is given in 
items [5, 7, 10]. Issues related to the dynamics of the discussed systems can also be found in 
publications [2, 6, 8, 9]. 
 The solution method given in [7] boils down to arranging three equations of kinetostatic 
equilibrium and two geometric equations on the coordinates of the centre of the beam, which 
are expressed by two angles of rotation of the cable FA - ψ and the angle of rotation of the 
beam around the pointA  marked asϕ . As a result, after differentiation and elimination of the 
angleψ  twice, the equation of constraints is obtained, which with the three basic equations of 
motion leads to the solution of the problem. 
 Here we will do a little different, more generally, using the properties of the momentary 
acceleration centre, which at the first moment after breaking the first line coincides with the 
momentary centre of rotation (speed). In addition, our solution will be valid at any angle value

0,
2

πϕ ∈  in which the angle ϕ will be included. According to the markings shown in 

Figure 6, the three equations of kinetostatic in the adopted coordinate system when entering a 
variable angle ϕ are written as follows: 

C C

0 sin 0,

0 cos 0,

0 0,

x x

y y

F N m a

F N m a m g

M N e J

ϕ

ϕ

ε

= → − =

= → + − =

= → − =

∑
∑
∑

       (10) 

 
where: 

2
C

1
cos , .

3
e l J m lϕ= =  
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6. Dynamic diagram of the considered rigid beam 
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7. Dimensional charts as a function of angleϕ  in a rigid beam 

 
In the first three equations (10) there are four unknowns xa , ya , ε andN . The missing 

equation of constraints can be determined from the Euler lemma using the properties of the 
instant acceleration centre QS= , because the moment just after the intersection of the cable 

BD the instantaneous beam speed and its instantaneous angular velocity are zero. According 

to the markings in Figure 7 we have:  

, ctg -  ctg , tg , tg ,

ctg
, ctg ctg .

ctg

x x
y

y y

y
y y x

y x

a a
x a H x l H x x

a a

a l
H H x x a l a a

a a

ε α ϕ α α

ϕ
ε ε ϕ ϕ

ϕ

= = = = =

= → = = → = −
−

% % % %

% %

    (11) 

While solving the system of four equations, which include the kinetostatic equations (10) and 
the equation of constraints described in the last of the formulas (11), we get the following 
answers: 

( )

( )

( ) ( )

2

22

C A

2 2 cos 2cos
, ,

4cos ct sin 5 3 cos 2

6 cos 2 cos
, ,

5 3 cos 2 5 3 cos 2

, .
cos

x y

x
x y

gg
a a

g

g m g
N

l

a
a a a a

ϕϕ
ϕ ϕ ϕ ϕ

ϕ ϕε
ϕ ϕ

ϕ

+
= =

+ +

= =
+ +

= + =

      (12) 

Figure 7 shows the graphical answers(12). 

In the case 030
6

πϕ = =  answers (12) are reduced to the following: 

.
13

9
,

13

32
,

13

10
,

13

3

l

g
mgNgaga yx ==== ε       (13) 

 
Circular shiels suspended on ropes 
The last task is a circular rigid shield with a total mass mand radiusR , also suspended on two 
unstretched cables, converging at the articulation1O and forming angles with the vertical axis 

of symmetryϕ . Let the section BA  be equal to R . At one point the cable BO1 was suddenly 

cut and the system became a mechanism. According to the designations in Figure 8, we are to 
designate four kinematic and one dynamic quantityxa , ya , ε  and N . 
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8. Dynamic diagram of a circular shield with the system of accelerations and forces at the 

moment immediately after cutting the cable 1O B 

 
We solve the task in the same way as the previous three. We write the three equations of 
motion of kinetostatic in a standard way: 

O o

0 sin 0,

0 cos 0,

0 0,

x x

y y

F N m a

F N m a m g

M N e J

ϕ

ϕ

ε

= → − =

= → + − =

= → − =

∑
∑
∑

       (14) 

where: 

( ) 2
0

3 1
ctg sin cos 3 sin , .

2 2 2 2

R R
e R J m Rϕ ϕ ϕ ϕ

 
= + = + =  
 

 

We determine the missing equation of constraints from the Euler lemma, using the properties 
of the momentary acceleration centre, which coincides with the momentary centre of rotation 
just after the intersection of the cable because all speeds at that moment are zero. As shown in 
Figure 8, we can write the following relationships: 

( )
( )
( ) ( ) ( )

, ctg ctg 3 , tg , tg ,
2

ctg 3
, ctg 3 2 ctg .

2 ctg

x x
y

y y

y

y y x

y x

a aR
x a H x H x x

a a

R a
H H x x a R a a

a a

ε ϕ ϕ α α

ϕ
ε ε ϕ ϕ

ϕ

= = − + = = =

+
= → = = → + = −

−

% % % %

% %

 (15) 

When solving the system of four equations: (14) and (15) we get the following answers: 
 

( )
( )

( )
( ) ( )

2

22

O A

2 cos 2 cos
, ,

4 cos 2 3 sin 2cos 2 3 3ctg 5sin

2 cos cos 3 sin 2 cos
, ,

4 cos 2 3 sin 24 cos 2 3 sin 2

, .
cos

x y

x
x y

g g
a a g

g m g
S

a

a
a a a a

ϕ ϕ
ϕ ϕϕ ϕ ϕ

ϕ ϕ ϕ ϕε
ϕ ϕϕ ϕ

ϕ

= = −
− ++ +

+
= =

− +− +

= + =

    (16) 
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In a special case 030
6

== πϕ  answers (16) are reduced to the following: 

.
5

13
,3

5

1
,

5

3
,

10

7
,

10

3
O gagmS

a

g
gaga yx ===== ε     (17) 
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