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Longitudinal displacements of railway jointless track due to local temperature 
difference on its length 

 
Abstract:  In the paper is shown an analysis of a CWR track’s longitudinal displacements due 
to a local temperature difference on its length. The thermical forces on the railway track 
length arise due to a local temperature difference of rail, causing the local, zonal the 
longitudinal displacements of rail cross-sections. Axial displacements of track induce in 
succession a longitudinal reaction of roadbed in such a degree on which a arising 
displacements allow. Additionally a arising during track operating a variable longitudinal 
resistance on track’s length (generated among other things by different state of ballast 
compaction, different pressure force of rail foot to divider), periodical acting force from 
vehicles, different value of adhesion wheels with rails and also different stage of rail heating, 
cause a disturbance section of equilibrium state of CWR track. In certain cases it assumes a 
shape of rails micro displacements, which can take a form e.g. creep displacements leading to 
value changes of longitudinal forces on this segment length with arising displacements. In 
paper analytical form of considered problem is given and computational examples, diagrams 
and tables reflecting influence of analyzed parameters on obtained a CWR track’s 
longitudinal displacements due to local temperature difference on its length is inserted 
 
Keywords: CWR track; Longitudinal displacement; Local temperature difference 
 
Introduction 
The problem of longitudinal displacements of a railway track finds its application in the 
analysis of various problems during its operation (e.g. assessment of the railway surface due 
to permanent longitudinal displacements, the interaction of the bridge with the track under 
conditions of temperature changes, stability or track lifting in the vertical plane [1-5, 7, 9-
11,15,16]). The problem analyzed in the study is related to the local segments of the 
occurrence of horizontal displacements of the rail cross-sections, which are a consequence of 
the actual non-uniform temperature distributions occurring in them along the length of the 
jointless track [5,8,12,17]. We also encounter the phenomenon under consideration in the 
zones of horizontal longitudinal displacements of the jointless track, in its extreme sections 
(within the so-called breathing sections). Horizontal displacements of the u track due to 
temperature changes, in turn, cause a horizontal reaction of the ballast substrate r(u), 
depending on the value of the shift u of the track cross-section (Fig. 1). In the literature on 
railways, various characteristics of the longitudinal resistance of the road bed can be found 
[16]: 
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1. Typical longitudinal resistance during operation (wooden base) [16] 

1) actual research; 2) two-line model 
where: k – theoretical coefficient of horizontal stiffness of the substrate [MPa];  

up – displacement value signaling a change in the soil resistance model 
 

The real resistance of the ballast substrate is described by a substitute model, most 
often by an elastic, plastic, or elastic-plastic model [1,3,4] - Fig. 2. The substitute models are 
used to analyze e.g. longitudinal displacements due to local temperature difference or train 
braking [7,8,12]. 

 

r=a  u
r

u

r
e) f)d)

r
c)

r
b)

r
a)

r

r

r =r r=k  u

k  =tg

uuuuu u

r r

r=r  +k  u, u<u
r=r    , u>u

u

b

g

gg

gg

.

g

gg

0 1
..

0 1r=r  +k  ur=k  u, u<u1
.

r=r     u>u

.
1g

1
k  =tg1

0r0r

g g

g

 
2. Models of longitudinal resistance of the ballast substrate adopted designations (used for 

calculations in the work): rg – limit ballast substrate resistance [MN/m]; 
k1 – the coefficient of horizontal stiffness of the substrate [MPa]; ug – displacement limit that 

signals a change model of ballast substrate resistance [m]; r0 – the initial resistance of the 
ballast substrate [MPa] 

 
For the model of plastic resistance of the ballast substrate (model grr =  from Fig. 2a), 

we can write down the average cumulative resistance in the form [6]: 

0l

N
r t
sr = ,  

(1) 

where: Nt – thermal force in the track, tAEN Stt ∆α ⋅⋅⋅= , [kN]; 

αt – rail steel expansion coefficient, [1/°C]; ES·A – longitudinal stiffness of the track, 
[MN]; 

∆t – rail temperature rise, [°C]; 
l0 – length of the loosened section of the track when adjusting the stresses, [m], 

is the displacement of a loosened rail end (δ) can be formulated [6]: 

sr
St r

t
AE

⋅
⋅⋅⋅=
2

2
2 ∆αδ  

 
(2) 

and the extension of the free end of the rail can be formulated as below: 

∫ ⋅=⋅⋅=⋅=
0

10

0l

tCtldlt ∆∆λ∆λδ , 
 

(3) 

where: 610650 −⋅=⋅= t, αλ  [6], for 
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Using these formulas we get: 
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(4) 

where: 1C  is a characteristic quantity of a given track surface condition [6]. 

Finally, by additionally introducing an auxiliary parameter rC  (cumulative longitudinal 
resistance constant), longitudinal resistance can be formulated as follows [6]: 
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(5) 

Table 1 shows the characteristics of longitudinal resistance for a jointless track made of rails 
60E1 (based on experimental studies [6]): 
 
Tab. 1. Dependence of the average cumulative resistance on the condition of the alloy screws 

 
The condition 

of 
the alloy screw 

 
Thermal time 
constant of the 

track 
[ ]CmmC °11  

Cumulative 
longitudinal 

constant 
resistance 

[ ]2mMNCr  

Section length 

0l  

[m] 

 

srr  

[ ]mMN  

1 2 3 4 5 
twisted properly 0,3272 1,0614 54,4872 0,00902 
twisted properly 0,2885 1,3634 48,0770 0,01023 

70% loosed 0,8077 0,1739 134,6154 0,00365 
all loosed 1,3847 0,0592 230,7692 0,00213 

 
As it results from the tab. 1 for correctly tightened alloy screws, the resistance of the 

ballast substrate is [ ]mMN,,rr sr 01000200 ÷≈=  (values adopted for calculation examples). 

Using formulas 4 and 5 in Figs. 3 ÷ 5, the following dependencies are presented: the 
cumulative longitudinal resistance constant from the thermal constant of the track, the 
longitudinal ballast resistance to rail displacements for different temperatures and the 
displacements of the loosened rail from temperature. 
 

 
3. Dependence of the cumulative longitudinal resistance constant on the track thermal 

constant 
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4. Dependence of ballast longitudinal resistance on rail displacements for different 

temperatures 
 

 
5. Dependence of displacements of a loosened rail on temperature [6] 

 
The dependencies and values obtained at this point were used for the calculation 

examples presented in Fig. 10 and in Table 2 and 3. 
 
Uneven temperature distribution along the length of the jointless railway track 
The temperature of the rails depends on many variables. The main ones are natural, such as 
air and ground temperature, ground humidity, the intensity of solar radiation, cloudiness, 
transparency of the atmosphere, wind strength and direction, etc. In general, there is a 
dependency between the rail temperature and the air temperature (Fig. 6) (measured at the 
same place and time), which can be represented as a relation: t t tz= +0

~ , where: t - rail 

temperature, t0 - air temperature, and ~tz  - variable random value, dependent in the period of 
high temperatures mainly on the intensity of insolation of the track. 
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6. Dependence of rail and air temperature on the time of measurement (own research) 
 

In the field operating conditions of the jointless track, there are uneven distribution of 
rail temperatures, both along the length of the track and in its cross-section (the measured 
temperature difference between the head and the foot of the rail can be as high as 7 [°C]). 

  The variable temperature difference occurring then in the track cross-sections: 
∆t t tP= − , causes an uneven longitudinal distribution in the real jointless track. Considering 
the phenomenon of local zones of horizontal displacements of the jointless track due to 
uneven temperature distributions of the rails t, one should also take into account, apart from 
the longitudinal resistance of the ballast, variable along the length of the ballast, variable 
thermal conditions occurring during the assembly of the track, which are generally 
characterized by a variable temperature attaching rails to thermal sleepers 
N E A tt S t= ⋅ ⋅ ⋅α ∆ , the course of which is shown schematically with a solid line in Fig. 7. 

This unevenness is additionally increased by the influence of creep of the operated jointless 
track under train traffic, which causes unfavorable changes in the tP  temperature system. The 
dashed line in Fig. 7 shows the design thermal force distribution  Nt0. For the 
Nt0 distribution in the central part of CD ( )N constt0 = .   we have u=0 (no longitudinal 

displacements - stationary segment). Whereas u=0  (parabola 2 °) occurs on the so-called 
moving (breathing) l r  long sections, where Nt0  has a linear distribution (r rg= ,Fig. 2a). The 

computational Nt0  (trapezoidal) distribution in Fig. 7 corresponds to a special case of the 

behavior of a straight jointless track with a uniform temperature increase along its entire 
length, for tp=const. 
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b) 

 
7. Distribution of thermal force along the length of a jointless railway track  

a) uneven distribution of thermal force (Ntrz) along the length of a jointless railway 
track and longitudinal movements of the track (u) and additional thermal force (Ntd);  

b) the resulting longitudinal resistance of the bedding substrate (r) and bending stiffness 
(EsIζs) and transverse (EsAs) railroad track 

 
The state of axial displacements in the jointless track due to the influence of local 
temperature changes 
The forces ∆N occurring as a result of local temperature differences of the rail along the 
track, shown schematically in Fig. 7, cause local, zone-wide horizontal displacements of the 
rail cross-sections with maximum values fromu i0 1, −  tou i0 4, +  [1,3,4,11]. The axial 

displacements of the track induce the horizontal reaction of the subsoil r(u) to the extent that 
the value of u allows. The function r(u), for the purposes of the analysis, can be described 
using several models shown in Fig. 2. 

For example, consider the impact of force 

( )∆ ∆ ∆N N N E A t tti t i t i S t i i= − = ⋅ ⋅ ⋅ −− −, , 1 1α on the track operation, assuming r=r g most 

unfavorably (model from Fig. 2a). We will then obtain the formulas for u, Ntd and lw 
(computational schemes and the approximate course of the functions u and Ntd,, in the local 
system, are shown in Fig. 8): 
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8. Calculation scheme and functions u (longitudinal displacement) and Ntd (additional thermal 

force  
 

For the elastic model from Fig. 2b, withr k u= ⋅1 , we have: 

u
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In turn, for the model from Fig. 2d, with r r k u= + ⋅0 1 , we obtain: 
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k1 – the coefficient of the horizontal stiffness of the substrate [MPa]. 

(11) 

 
Determination of parameters of longitudinal resistance for calculations 
In the operated railway track, the actual values, e.g. 1k and 0r  for model d ( )ukrr ⋅+= 10  the 

elastic-plastic resistance of the road bed substrate from Fig. 2 is unknown. For certain 
boundary conditions [14] and taking into account the d model from Fig. 2, we get : 
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(12) 

where: 
sAE

k

⋅
= 1α , 

sAE

r

⋅
= 0β , x – the abscissa of any section of the track, measured from the 

end of the jointless track under consideration. Using the results of direct measurements of the 
pu axial displacements of the jointless track, it is possible to provide a method of their 

calculation (using the least-squares method) [14]: 

minV
m

j

n

i
ji =∑∑

= =1 1

2 , where: ( ) p
jijiji uxuV −= , 

 
(13) 

whereas: 
( ) ( )βα∆ ,,t,xFxu jijiji =  denotes the displacements calculated for the pre-estimated values 

1k  and 0r , so 0α  and 0β , 
p
jiu  denotes the corresponding measured quantities ( )xu ji , 

m,...,j 21=  means another difference t∆ , for which the value of the function (12) is 

determined and the measurement is made p
jiu  and n,...,,i 21=  marks the place of 

measurement, i.e. the abscissa of a selected selected rail section (Fig. 9).  
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9. Measurement of the longitudinal displacement of a railway track depending on temperature 

(author's photo) 
 

The differences jiV result mainly from the changes in the longitudinal resistance of the 

substrate along the track and from measurement errors. Using the equation (13), the unknown 
corrections ( )αδ  and ( )βδ are calculated and in subsequent iteration steps, up to the assumed 

approximation error . As a result of the calculations it is obtained: ( )∑+= αδαα 0  and 

( )∑+= βδββ 0 , which provide the most precisely defined longitudinal resistance 

characteristic for a given railway track. 
In the work [14] on the experimental training ground of a jointless railway track on the 
Katowice-Kraków railway line, the following values were obtained: 
 

[ ]mMN,,r 44
0 108832107289 −− ⋅±⋅=  and [ ]2

1 1589089761 mMN,,k ±= . 

Confirmation of these values is shown in Fig. 1. 
 
Examples of calculation 
Therefore, the following data was used for the calculations: 

− jointless track 49E1 and 60E1, with wooden sleepers, on track ballast, in a local 
arrangement (Fig. 8), with the values of [1,3-5,13,16]: 

− MN,AES 742644=⋅  (49E1); MN,AES 123228=⋅  (60E1) and: 

− α t K
= ⋅ −115 10

15, , r MN m0 0 003= , / , r MN mg = 0 010, / , 

− MPa,k 011 = , MPa,k 411 =  and MPa,k 021 =  with m,ug 0050=  (see Fig. 1 and Fig. 

2), 
− ( ) [ ]K,...,,t i 1421=∆∆ . 

In order to illustrate the obtained maximum track displacements, Fig. 10 shows the 
calculation results for the parameters adopted above and the models described in Figs. 1 and 2 
of this paper. 
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b) 

 
10. Maximum track displacements due to local temperature difference ∆(∆ti)for the 

adopted calculation models (formulas 6-11) 
a) track with rails 60E1; b) track with 49E1 rails 

 (∆ti) 
 

As shown in Fig. 10, the smallest displacements are obtained for the plastic model 
with the assumed highest resistance value  (rg=0,01 [MN/m]). However, the largest 
displacements are obtained for the elastic model with the adopted lowest resistance value  
(k1=1,0 [MPa]). This should be explained by the properties of the analyzed models (Fig. 2). 
For the plastic model, from the very beginning of the track displacement, the longitudinal 
resistance of the road bed  (r=rg) arises, while for the elastic model, this resistance increases 
only with the resulting displacement. 

In order to show the differences arising from the adopted models (Fig. 2), calculations 
were made with the following data: 
jointless track 60E1, with wooden sleepers, on ballast bedding, in a local arrangement (Fig. 8) 
and: 

E A MNS ⋅ = 3228 , α t K
= ⋅ −115 10

15, , r MN m0 0 003= , / , r MN mg = 0 010, / , 

k MPa1 1 4= , , u mg = 0 005, . In addition, it was assumed: ( )∆ ∆t Ki = 7 0, , where: 

( )∆ ∆
∆

t
N

E Ai
ti

S t

=
⋅ ⋅α

, 

whereas ( )∆ ∆ ∆N N N E A t tti ti t i S t i i= − = ⋅ ⋅ ⋅ −− −, 1 1α , 
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∆t t t ti i pi s= − − , si,pii tttt −−= −−− 111∆ , t – the rail temperature, tp – the temperature of the 

attached rail to the sleepers, t
N

E AS
S

S t

=
⋅ ⋅α

, NS – the horizontal reaction of the rail contact to 

thermal influences, ( )N MNS ≅ 0,20 , ( ) ( ) ( )∆ ∆ ∆ ∆t t t t t t ti i i i i pi p i= − = − − −− − −1 1 1, . 

Hence, ( )∆ ∆ ∆N E A t MNti S t i= ⋅ ⋅ ⋅ =α 0,26 . The calculation results are shown in tab. 2: 
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Tab. 2. Longitudinal displacements u(x), distribution of thermal force Nt(x) and transverse resistance r(x) depending on the adopted calculation 
model 

 

1°°°° – for the model from Fig. 2a (r = rg) 
we obtain: 

 

2°°°° – for the model from Fig 2b (r = k1·u) 
we obtain: 

 

3°°°° – for the model from Fig 2d (r = r0+k1·u) 
we obtain: 

1 2 3 
 

4

526

10622

1003410551
−

−−

⋅+
+⋅⋅⋅⋅=

,

x,x,u m  

for: ( )x > −0, , ( )x < +0, . 

 
For x = 0 , u mmax ,= ⋅ −2 62 10 4  

with m,ug
31005 −⋅=  

 

and N xtd = ⋅0 01 0 130, ,m , 

( )−> ,x 0 , ( )+< 0x  
 

l mw = 13 0,  

r r E A
d u

dx
MN mg S= = − ⋅ ⋅ = −

2

2 0 01, /  

 

α =
⋅

= ⋅ − −k

E A
m

S

1 4 24 337 10, , α = ⋅ − −2 0826 102 1, m  

( )u x= ⋅ ⋅ ⋅ ⋅− −1 10 2 0826 103 2,934 exp ,m  

for ( )−> ,x 0 , ( )x < +0, . 
 

For x = 0 : u mmax ,934= ⋅ −1 10 3  

with m,ug
31005 −⋅=  

( )x,exp,

uk
dx

ud
AEr S
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=⋅−=⋅⋅−=

−− 23
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1008262107082 m

 

for x = 0 , r MN mmin , /= − ⋅ −2 708 103  
 

( )N E A
du

dx
xtd S= ⋅ ⋅ = ⋅ ⋅ ⋅−

m m0 130 2 0826 102, exp ,  

 

lw = ∞ , lim
x

tdN
→±∞

= 0 , lim
x

r
→±∞

= 0  

 

α = ⋅ − −4 337 104 2, m , β =
⋅

= ⋅ − −r

E A
m

S

0 7 19 10,2937  

( ) 













 ⋅⋅−⋅⋅−=
−

−

90250
10082621101432

2
3

,harcsin
x,cosh,u

m

m  

for: ( )−> ,x 0 , ( )x < +0,  

( )[ ]u x= − ⋅ ⋅ − ⋅ ⋅− −2 143 10 1 2 0826 10 0 81073 2, cosh , ,m  

for x = 0 : 

( )u mmax , , ,= − ⋅ ⋅ − = ⋅− −2 143 10 1 1 347 0 7436 103 3  

with m,ug
31005 −⋅=  

( )N E A
du

dx
xtd S= ⋅ ⋅ = ⋅ ⋅ ⋅−0 144 2 0826 10 0 81072, sinh , ,m  

for x = 0 : N MNtd = m0 13,  
 

l mw = 38,927 ; for x lw= : u = 0 , Ntd = 0  

( )r E A
d u
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xS= − ⋅ ⋅ = − ⋅ ⋅ ⋅−

2

2
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∫ r dx MN
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Fig. 11 shows the curves of the calculated functions r(x) for the obtained values of Iw: 
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11. Distributions of functions r(x) for various computational models [2,3] 

 
Discussion of the results 
The usefulness of the applied soil models for the analysis of the axial displacements of the 
jointless track is different. For large temperature rises∆t , np. ∆t K= 45 , e.g. accompanied by 
high values of thermal force in the rails, the jointless track experiences significant axial shifts, 
greater than ug , what takes place mainly in the so-called breathable sections, then the plastic 

model will prove useful (Fig.2a). On the other hand, for the analysis of the influence of local 
uneven temperature changes along the track length, the correct model for further application 
is the model of longitudinal resistance of the ballast from Fig. 2d. The usefulness of the elastic 
model (Fig. 2b), often used effectively in the field of e.g. the buckling analysis of the track in 
the vertical plane, is rather limited in the considered case of uneven temperature changes. 
On the other hand, assuming for the calculations, for example, too high values of the 
coefficient of horizontal stiffness of the subgrade k1=5÷10 [MPa], is not fully confirmed in the 
results of experimental tests of the longitudinal resistance of the ballast (see Fig. 12). 
Therefore, a reasonable compromise is to adopt the following parameter values: 
r MN m0 0 003= , / , m/MN,rg 010= , MPa,k 021 = , m,ug 0050= , which are justified both 

in Fig. 2 and Fig. 12: 
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12. Experimental characteristics of the ballast longitudinal resistance [6] 

a - longitudinal resistance with the spacing of wooden sleepers 65 cm (span 22 sleepers) 
b - longitudinal resistance with the spacing of wooden sleepers 65 cm (span 11 sleepers) 

c - longitudinal resistance with variable spacing of wooden sleepers (K-spacing of sleepers) 
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d - longitudinal resistance with a variable spacing of prestressed concrete sleepers (K-sleeper 
spacing) 

 
For these parameters and the above-mentioned models (a, b and d) from Fig. 2 it is calculated: 
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Tab. 3. Longitudinal displacements u(x), distribution of thermal force Nt(x) and transverse resistance r(x) depending on the adopted calculation 
model  

 

1°°°° – for the model from Fig. 2a (r = rg) 
we obtain: 

 

2°°°° – for the model from Fig. 2b (r = k1·u) 
we obtain: 

 

3°°°° – for the model from Fig. 2d (r = r0+k1·u) 
we obtain: 

1 2 3 
 

for rg = 0,002131 [MN/m] 
3527 102311003410313 −−− ⋅+⋅⋅⋅⋅= ,x,x,u m

( ) m,uu max
31 102310 −⋅== ; m,lw 061=  

 

for rg = 0,00365 [MN/m] 
4527 101771003410655 −−− ⋅+⋅⋅⋅⋅= ,x,x,u m

( ) m,uu max
42 101770 −⋅== ; m,lw 6235=  

 
for rg = 0,01 [MN/m] 

4526 106221003410551 −−− ⋅+⋅⋅⋅⋅= ,x,x,u m

( ) m,uu max
43 106220 −⋅== ; m,lw 013=  

where for: ( )−> ,x 0 , ( )+< ,x 0  

gmaxmaxmax uuuu <<< 123  dla m,ug
31005 −⋅=  

and respectively: 

gS r
dx

ud
AEr =⋅⋅−=

2

2
 

N r x
N

td g
ti= ⋅ −

∆
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( )−> ,x 0 , ( )+< ,x 0  

 
 

 

for k1 = 2,0 [MPa] 
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⋅

= m,
AE

k

S
α , 121048912 −−⋅= m,α  

 

( )x,exp,u ⋅⋅⋅⋅= −− 23 1048912106181 m  

for ( )−> ,x 0 , ( )x < +0, . 
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−− 23
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dla x = 0 , m/MN,rmin
3102363 −⋅−=  
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for k1 = 2,0 [MPa] i r0 = 0,003 [MN/m] 
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⋅
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0 7 19 10,2937  

( )( )[ ]07861104891211051 23 ,harcsinx,cosh,u m⋅⋅−⋅⋅−= −−  
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m,lw 59937= ; dla x lw=  we have: u = 0 , Ntd = 0  
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Final conclusions: 
Based on the performed analysis, it can be concluded that: 

1) The analytical solution to the problem of the local temperature difference along the 
length of the jointless railway track presented in the paper showed the formation of its 
undesirable longitudinal displacements. 

2) The theoretical analysis of factors causing longitudinal displacements of the track with 
the use of substitute calculation models of the actual characteristics obtained in the 
railway track (Fig. 2 or Fig. 12) is presented.). 

3) The calculation results presented in Fig. 10 show that the greatest displacement due to 
the temperature difference depends mainly on the temperature gradient and the 
parameters of the adopted calculation models (rg, r0 i k1) and the track longitudinal 
stiffness (ES·A). Displacements resulting from uneven heating of the rail along its 
length (e.g. located in a shaded deep trench or exposed to solar insolation in an 
embankment) constitute a significant, underestimated part of the displacement, which 
may increase e.g. track creep 

4) The significant influence of the analyzed models and the adopted parameters for 
calculations (rg, r0 i k1) on the shape and values of longitudinal horizontal 
displacements of the railway track (Fig. 10) was indicated. 

5) On the basis of the performed calculations and analyzes of the actual characteristics 
obtained in the railway track, appropriate parameters for the calculations were 
proposed (used in tables 2 and 3). 
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